Bounded oscillation for second-order delay differential equations with unstable type in a critical case  by Tang, X.H. & Liu, Yuji
PERGAMON Applied Mathematics Letters 16 (2003) 263-268 
Applied 
Mathematics 
Letters 
www.elsevier.com/locate/aml 
Bounded Osci l lation for Second-Order 
Delay Differential Equations with 
Unstable Type in a Critical Case 
X. H.  TANG 
Department of Applied Mathematics 
Central South University 
Changsha, Hunan 410083, P.R. China 
xht ang@public, cs. hn. cn 
YuJi Liu 
Department of Mathematics 
Yueyang Teacher's University 
Yueyang, Hunan 414000, P.R. China 
(Received September 2000; revised and accepted August 2002) 
Abst ract - -Sharp  sufficient conditions are obtained for the bounded oscillation for second-order 
delay differential equation with unstable type 
xH(t) = p(t)x(t - ~') 
in the critical state 
lira p(t) = 
t~OO 
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1. INTRODUCTION 
Consider the second-order linear delay differential equation 
x"(t) -- p(t)x(t - ~-), t > to, (1) 
where ~- C (0, oc), p e C([t0, oo), [0, co)), and p(t) ~ 0 on any interval of length T. 
In [1], it is shown that equation (1) always has an unbounded and nonoscillatory solution. 
Therefore, we only need to find conditions for all bounded solutions of equation (1) to be oscil- 
latory. 
By Theorems 10.3.1 and 10.7.1 in [2], it is easy to show that if 
liminf p(t) > ( 2 ) 2 (2) 
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then every bounded solution of (1) oscillates; if
p(t) <_ ~ (3) 
holds eventually, then (1) has an eventually positive bounded solution. 
For the critical case when 
lim p(t) : (2 )  2 t -~  ' (4) 
it is possible that all bounded solutions of (1) oscillate or (1) has an eventually positive bounded 
solution. For example, every bounded solution of the following equation: 
x"(t)= ~+ x( t -~) ,  t_>l 
oscillates, but the equation 
(4 1) 
z"(t)= ~+~ z ( t -~) ,  t>_l 
has an eventually positive bounded solution, in spite of the fact that 
(T_~e2 1)  = ( 4 1 )  (2 )  2 lira 4 + tli-*m~ T--~e 2 +~ = ~e ' 
The main goal of this paper is to establish bounded oscillation criteria for (1) in the critical 
case (4) by comparison of (1) and a related second-order ordinary differential equation. As a 
consequence, we can show that every bounded solution of the equation 
(' ) x"(t) = T--~e 2 +Ct  -~ x ( t -~- ) ,  t>  1 (5) 
is oscillatory if and only if a < 2 and C > 0 or a = 2 and C > 1/4e 2. 
As is customary, a solution is called oscillatory if it has arbitrary large number of zeros. 
Otherwise it is called nonoscillatory. 
2. COMPARISON THEOREM 
To obtain the main theorem in this section, we need the following lemma which can easily be 
shown by a similar fashion of the proof of Theorem 4.6.7 in [3]. 
LEMMA 1. Assume that A > 0 and that 
x(t) > o, z'(t) < o, 
lira x(t) = 
$---~OO 
and 
z"(t) >_ :~2x(t), 
Then 
z'(t) + ~z(t) <_ o, 
z"(t) > o, 
lim x'(t) = O, 
t --.* tX~ 
fort  >_ T. 
for t >_ T. 
The next theorem is the main result in this section. 
t>_T>to ,  
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THEOREM 1. Assume that 0 < e < 1 and that for large t 
a(t) ~-p(t) - -~e >_ O. (6) 
I f  every solution of  the following second-order ordinary differentiM equation: 
y"(t)  + (1 - e)e2a(t)y(t) = O, t >_ to (7) 
oscillates, then every bounded solution of (1) oscillates. 
PROOF. For the sake of contradiction, assume that (1) has an eventually positive bounded solu- 
tion x(t).  It is not difficult to show that there exists a tl > to such that 
a(t) >_ O, x(t)  > O, x'(t)  <0,  and x"(t )  > O, t >_ ti - 7 (8) 
and 
lim x(t) = lim x ' ( t )=  0. (9) 
t ----~ O~ t -"~ OO 
Set v(t) = x(t )e 2t/~. Then v(t) > 0 for t _> tl - 7, and from (1) and (6) we have 
Let 
Then 
v(t) -- -~ _r(s  + 7- -  t)v(s) ds = e2a(t)v(t - 7), t>t l .  
4/ t  
u(t) = v(t) -~ (S + 7 -- t )v(s)  ds, t > tl. (10) 
- -T  
u"(t)  = e2a(t)v(t - 7), t >_ tl. 
By (10) and using the nature of decreasing of x(t), we have for t _> tl 
u(t) = v(t) - ~ (s + 7 - t)v(s) ds 
- - f  
= x(t)e 2t/" - 7- ~ ( s + 7 - t )x(s)e 2s/" ds 
T 
- 1 T2 (s +7 t)e 2~/Tds - -T  
= -e -2v( t )  < O, 
which together with (11) implies that 
u(t)<O, u ' ( t )<O,  and u" ( t )>O,  t_>t l .  
Next, we will prove that for large t 
v(t - T) > - (1  - ()u(t). 
(2) 2 
x"(t)_> ~ x(t), t > tl. 
From (1), (6), and (8), we have 
(il) 
(i~) 
(i~) 
266 
By Lemma 1, (13) together with (8) and (9) yields that 
x'(t) + 2 z(t)  < o, 
It follows that 
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t>_tl. 
x(t - ,.) >_ x(t)e ~'~, t >_ tl + ,., 
where a l  = 2/,.e. Substituting (14) into (1) and using (6), we obtain 
x"(t) > ~ee e~l"x(t)' t >_ h. 
Similar to (14), we can conclude from the above, (8), and (9) that 
• (t - ,-) >_ ~(t)e ~2~, t >_ t l  + 2,', 
where ~2 = (2/,.e) e ~°'/2. By induction, one can easily show that 
x(t - ,.) > x(t)e ~"', t >_ tl + n,., 
where 
It is not difficult to verify that 
2 ,~ -r/2 
Oln+ 1 = - -  e " " , n = 1, 2, . . . .  
Te  
2 2 
- -  =oz  I <o~ 2 <oL3 < - - -  < - -  
Te  T 
2 
lim an = - .  
t---*c~ T 
1 + (1 - 20)e 2(1-°) 
R(O) = ( I  - 0) 2 ' 
and 
Set 
0<0<1.  
Then lim0--,1- R(O) = 2. Let 00 e (0, 1) such that 
(2 - ~) 
2 - ~ < R(Oo) < 
(1 - ~)" 
In view of (16) and (17), there exists a positive integer N such that 
200 2 
- -<an<- ,  n>N.  
T T 
t >_ tl + Nr .  
It follows from (15) that 
t >_ tl + NT. 
z ( t -  ,.) >_ (Ooe)2z(t), 
In view of Lemma 1, from (8), (9), and (19) we have 
x'(t) + ~ z(t) _< 0, 
Consequently, we obtain 
z(s) < x(t - r)e -2e°(8+~-t)/~, t - -T<s<t ,  t>__ t l+(N+l )v .  
(14) 
(15) 
(16) 
(lW) 
(18) 
(19) 
(20) 
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Substituting (20) into (10), we have for t > t2 = tl + (N + 1)T 
u(t) = v(t)  - -~7 (s + "r - t )v(s)  ds 
- -T  
4f  t 
= v(t) - -~7 (s + r - t )x(s)e  2~/" ds 
- -7"  
4 e:Oo(t_~)/,x( t _ r)  (s + T -- t)e2(l-°°)~/~ds >_ v ( t )  - ~ - ,  
= v(t) - R(Oo)v(t - T). 
From this and (18), we obtain 
2- -~ 
- - v ( t  - T )  > v ( t )  - -  u ( t ) ,  t > t2. (21) 
1- -~ --  --  
By (21) and by using the nature of monotonicity of u(t), we have 
oo 
v(t - "r) >_ - E (1 - e)'~+lu(t + n7) 
n=O (-2= c -~ k --(1 -- e)u(t), t >_ t2. (22) 
This shows that (12) holds. From (11) and (22), we have 
u"(t)  >_ - (1  - e)e2a(t)u(t),  t >_ t2. 
Set y(t) = -u ( t ) .  Then y(t) > 0 for t _> t2 and 
y"(t)  + (1 - e)e2a(t)y(t) <_ O, t > t2. (23) 
This shows that inequality (23) has an eventually positive solution. By a known theorem in [4], 
the corresponding equation (7) also has an eventually positive solution, leading to a contradiction. 
The proof is complete. 
3. OSCILLAT ION CRITERIA  
In this section, we give some sharp sufficient conditions of oscillation and nonoscillation for (1) 
in the critical case by employing Theorem 1 and Hille's oscillation criteria in [4]. 
THEOREM 2. 
(i) K 
then every bounded solution of (1) oscillates. 
(ii) / f  eventuMly 
p( t ) - -~e <- 4e 2' 
then (1) has an eventual ly posit ive bounded solution. 
PROOF. 
(i) It follows from (24) that there exists e ~ (0, 1) such that 
1 
4e 2 , (24) 
(25) 
[( (2)2)] 1 
liminft_~oo p(t) - ~ee t2 > 4(1 - e)e 2' (26) 
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(ii) 
In view of Hille's oscillation criteria in [4], (26) implies that every solution of (7) oscillates. 
Hence, by Theorem 1, every bounded solution of (1) also oscillates. 
Let 
(2 )  2 6t + ~" - 2V/~--  r) for t > T. 
q(t) = + 4e t  (VT + J 7) 
We verify by direct calculation that for t > T, 
2 )2  6t + T_  2V/~_  r) 1 
q(t)- = (vq+ tJ 7- ) > (27) 
It is easy to see that the function z(t) = vf te  -2 t / r  is a positive bounded solution of the 
following equation: 
z"(t) = q(t)z(t - T), t > T. (28) 
It follows from (25) and (27) that there exists a T > v such that 
2/2 1 
p(t) < -~e + 4 -~ < q(t), t > T. (29) 
By Theorem 10.7.1 in [2], (28) and (29) imply that (1) has an eventually positive bounded 
solution. The proof is complete. 
THEOREM 3. Assume that (6) holds and that 
limt__,~inf t p(s) - ~ ds > 4e--- 7. (30) 
Then every bounded solution of (1) oscillates. 
PROOF. It follows from (30) that there exists e e (0, 1) such that 
liminft__.~ t ( s ) -  ~e ds > 4(1 - e)e 2" (31) 
In view of Hille's oscillation criteria in [4], (31) implies that every solution of (7) oscillates. Hence, 
by Theorem 1, every bounded solution of (1) also oscillates. The proof is complete. 
REMARK 1. Clearly, Conditions (24) and (25) improve Conditions (2) and (3), respectively. 
REMARK 2. Applying Theorem 2 to equation (5), it is easy to see that every solution of (5) is 
oscillatory if and only if a < 2 and C > 0 or a = 2 and C > 1/4e 2. 
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